Abstract. In this paper the magnetic geodesic flow on a 2-torus is considered. We study a semi-hamiltonian quasi-linear PDEs which is equivalent to the existence of polynomial in momenta first integral of magnetic geodesic flow on fixed energy level. It is known that diagonal metric associated with this system is Egorov one if degree of the first integral is equal to 2 or 3. In this paper we prove this fact in the case of existence of the first integral of any degree.
Introduction
We will consider a magnetic geodesic flow on a 2-torus. We fix an energy level and assume that there is an additional first integral which is polynomial in momenta. It is known that the corresponding quasi-linear PDEs is semihamiltonian (see [1] ), i.e. in the hyperbolic region it possesses Riemann's invariants and can be presented in the form of conservation laws. For any semi-hamiltonian system there is a diagonal metric naturally associated with this system. In [1] it is proved that if there is an integral of the second or of the third degree, then this metric is the one of Egorov type. In this work we generalize this result on the case of an arbitrary degree.
Firstly let me remind some known results about geodesic flow in absence of magnetic field. There exist two types of metrics on a 2-torus with an integrable geodesic flow. If metric is of the kind ds
, then there exists an additional first integral which is polynomial in momenta of the first or of the second degree. It is not known if there exist metrics with irreducible polynomial first integrals of higher degree. This question was studied in [2] - [5] . If the geodesic flow is integrable, then one can introduce global semigeodesic coordinates (t, x) (see [6] ) on a 2-torus such that
The first integral has the form
The conditionḞ = {F, H} = 0 is equivalent to the quasi-linear PDEs of the following form
on the coefficients of F . Here U = (a 0 , . . . , a n−2 , a n−1 ) T , a n−1 = g, a n = 1,
The system (1) is semi-hamiltonian (see [6] ). It means that it can be written in the form of conservation laws, i.e. there exists a change of variables
Moreover, in the hyperbolic region where all the eigenvalues λ 1 , . . . , λ n of matrix A are real and pairwise distinct the system (1) possesses Riemann's invariants, i.e. there exists a change of variables
such that (1) can be written in the following form
Semi-hamiltonian systems were introduced and studied by S.P. Tsarev in [7] , [8] (see also [9] ).
The question of existence of an additional polynomial in momenta first integral of an arbitrary degree of geodesic flow in conformal coordinates ds 2 = Λ(x, y)(dx 2 + dy 2 ) was studied in [10] . The existence of the first integral of the form
(herewith due to Kolokoltsov's theorem (see [5] ) the following relations hold true a n = c 1 + a n−2 − a n−4 + . . . , a n−1 = c 2 + a n−3 − a n−5 + . . . , where c 1 , c 2 are some constants) leads to a quasi-linear PDEs of the kind
where U = (a 0 , . . . , a n−2 , Λ) T . Systems of such a kind were studied, for example, in [11] . The system (2) is also semi-hamiltonian (in the regions where at least one of the matrixes A and B is nondegenerate).
Let me remind that for any semi-hamiltonian system the following relations on the eigenvalues hold true:
It means that there exists a diagonal metric
such that its Christoffel symbols satisfy the following relations:
It is proved in [10] that the metric (3) associated with the system (2) is the one of Egorov type, i.e. its rotation coefficients β kl are symmetric:
or, equivalently, there exists a function a(r) such that ∂ r k a(r) = H 2 k (r). Here H i are Lame coefficients of the metric (3), H 2 i = g ii . Following [12] , we shall call the corresponding semi-hamiltonian systems the Egorov ones.
According to the Pavlov-Tsarev theorem (see [12] ), if the system is not breaking up (∂ r i λ k = 0, i = k), then it is Egorov one iff it possesses two conservation laws of the special form:
In [10] these conservation laws are found explicitly for the system (2). In this work we obtain the analogous results for the magnetic geodesic flow.
The main theorem
Consider the Hamiltonian systeṁ
on a 2-torus in magnetic field with Hamiltonian H = 1 2 g ij p i p j and the Poisson bracket of the following kind:
If {F, H} mg = 0, then the function F is the first integral of the geodesic flow (4). Magnetic geodesic flows (or, equivalently, systems with gyroscopic forces) were studied, for example, in [13] - [16] . Choose the conformal coordinates (x, y) in which ds 2 = Λ(x, y)(dx 2 +dy 2 ),
2Λ
. Fix the energy level H = 1 2
. Then one can parameterize the momenta by the following way:
The equations (4) take the forṁ
Following [1] , we shall search for the first integral F of the kind
Here a k = u k + iv k , a −k =ā k . The conditionḞ = 0 is equivalent to the following equation
Let's substitute (5) into (6) and equate the coefficients at e ikϕ to zero. We obtain
where k = 0, . . . , N + 1, a k = 0 while k > N.
After eliminating the magnetic field Ω (see below) we obtain a quasi-linear PDEs on a j and Λ of the kind
where
We shall not write it down here explicitly in view of its bulkiness. It's proved in [1] that (8) is the semihamiltonian system for any N. It's also proved in [1] that in the case of N = 2, 3 the system (8) is the Egorov one. In this work we generalize this result on the case of an arbitrary N.
Теорема 1. The system (8) is the one of Egorov type for any N.
3 The proof of the theorem 1
To prove the theorem 1 we will need only some of the equations of the system (7). In the case of k = N + 1 we obtain the relation
in what follows that one can put a N = Λ N 2 (see [1] ). Put k = N in (7) and consider the real and imaginary parts of the obtained equation. We obtain the following expression for the magnetic field:
as well as the following relation:
Introduce the new variables
Then the relations on a k become simpler. It follows from (9), (10) that
Put k = N − 1 in (7), one obtains the equations:
which can be written, due to (12) , in the following form:
In what follows that (8) is the Egorov system.
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